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Abstract
We review geometrical properties of a static spacetime (M,g), includ-
ing geodesic completeness, causality, standard splittings, compact M ,
closed geodesics and geodesic connectedness. We pay special atten-
tion to the critical quadratic behavior at infinity of the coefficients β,
β−1 (β = −g(K,K), being K a timelike irrotational Killing vector
field), which essentially control completeness, causality and geodesic
connectedness. Recent references are specially discussed.
Keywords: Static spacetime, geodesic, completeness, connectedness,
closed geodesic, variational methods, causality, critical quadratic case.
1 Introduction
Static spacetimes are one of the simplest classes of Lorentzian manifolds.
They admit well-known physical interpretations related to the synchroniz-
ability and invariance of the metric for a field of priviledged observers K
(see, for example, [16]), and include some classical spacetimes, as outer
Schwarzschild and Reissner Nordstro¨m. Thus, many of their geometric prop-
erties have been studied from different viewpoints and, recently, there has
been renewed progress made [1], [2], [8], [17]. Our purpose is to review and
discuss some of the geometrical properties and techniques, sketching some of
the proofs (at least when the results have not been explicitly stated in the
references).
This paper is organised as follows. In Section 2 both, geodesic complete-
ness and the possibility to split the static spacetime as a standard one, are
characterized (Theorems 2.1, 2.2). In Section 3, the causal ladder of a stan-
dard static spacetime is shown to be causally continuous but not causally
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simple (Theorem 3.1, Remark 3.2), and possible standard splittings in the
globally hyperbolic case are discussed, Remark 3.4. Causality Theory and
different geometrical tools apply for the problem of closed geodesics and con-
nectedness by causal geodesics. In Section 4, which is based on [17], this
is shown explicitly when M is compact. In fact, some general causal and
geometrical properties (Theorem 4.1, Proposition 4.2) are shown to imply
the connectivity by timelike geodesics (Theorem 4.3) and the existence of a
closed timelike geodesic (Theorem 4.5); this improves widely the analogous
variational results in [8]. In Section 5, general properties of geodesics are
discussed, including related problems as periodic trajectories or boundaries.
Finally, in Section 6, we show that the variational techniques applied in [2]
(firstly introduced for the Riemannian case in [7]) yield accurate results on
geodesic connectedness, improving previous results and techniques.
2 Completeness and standard static space-
times
In what follows, (M, g) denotes a connected n(≥ 2)-Lorentzian manifold
(−,+, · · · ,+), which is smooth enough (C∞ as a simplification, but we only
need C1 for most purposes). Our notation and conventions will be standard,
as in the books [4], [14], [16]. A Lorentzian manifold will be called a sta-
tionary spacetime if it admits a timelike Killing vector field K, and static
if, additionally, K is irrotational (the orthogonal distribution to K is invo-
lutive). In this case, we will refer to K as the static vector field, which will
be assumed to time-orient the spacetime. K is not determined univocally;
nevertheless, if another static K ′ exists and it satisfies K ′ = fK for some
f ∈ C∞(M), then f is a constant [16, p. 224]. Some properties of Lorentzian
manifolds admitting a Killing vector field are reviewed in [22]. A standard
static spacetime is a product R× S endowed with the metric
g[(t, x)] = −β(x)dt2 + gS[x] (1)
where gS is a Riemannian metric on S. Locally, any static spacetime looks
like a standard one, with K identifiable to ∂t. Note that function β =
−g(K,K) ∈ C∞(M) makes sense also in the non-standard case (as well as
the integral hypersurfaces of the orthogonal foliation K⊥).
An auxiliary Riemannian metric gR can be constructed by reversing the
sign of g(K,K), that is, gR(u, v) = g(u, v)+2g(u,K)g(v,K)/β, for all u, v ∈
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TM. The qualitative behavior of β at infinity for this Riemannian metric (or,
eventually, gS in the standard case) will be especially relevant. A function
V on a complete Riemannian manifold behaves at most quadratically (at
infinity) if, for some A > 0:
V (x) ≤ A · d(x)2 (2)
for all x outside a compact subset, where d is the distance (canonically asso-
ciated to the Riemannian metric) to some fixed point x0.
The (geodesic) completeness of a static spacetime is interesting not only
in its own right, but also in relation to the structure of the spacetime.
Theorem 2.1 Let (M, g) be a static spacetime:
(1) If g is complete, then both the static vector field K and the integral
hypersurfaces of K⊥ are complete with the restriction of the metric g.
(2) If the auxiliary Riemannian metric gR is complete and β
−1 behaves
at most quadratically, then g is complete. In particular, the following are
complete: (a) compact static spacetimes, and (b) standard static spacetimes
with gS complete and β
−1 at most quadratic on (S, gS).
Sketch of proof. For (1), see [17, Theorem 2.1(2)]. For (2), following [15,
Proposition 2.1], let γ : [0, 1) → M be a g-geodesic. It is enough to prove
that the gR-length of γ is bounded, (see [14, Lemma 5.8]). As K is Killing,
g(γ˙, K) = λ (constant) and |γ˙|2R(:= gR(γ˙, γ˙)) = C + 2λ2/β ◦ γ, with C =
g(γ˙, γ˙). Thus, choosing x0 = γ(0) in the definition of d below (2), as well as
appropiate constants B,D > 0:
|γ˙|R(s) ≤ B · d(γ(s)) +D ≤ B ·
∫ s
0
|γ˙|R(s¯)ds¯+D,
and, thus,
log
(
B ·
∫ s
0
|γ˙|R(s¯)ds¯+D
)
− logD ≤ Bs ≤ B.
Therefore, the length of γ is bounded, as required. Finally, (a) is obvious
and, for (b), recall [14, Proposition 7.40].
Note. (1) The proof of the first assertion in (2) holds in the stationary case
(and (a) holds even for conformally stationary spacetimes). (2) The optimal-
ity of the at most quadratic behaviour for β−1 can be explicitly checked in
the standard case with S = R.
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Completeness of K is an obvious necessary condition to ensure that a static
spacetime is standard with K = ∂t. Notice that this condition is very mild
and automatically satisfied when M is compact. In the simply connected
case, it is also sufficient [17, Theorem 2.1(1)]:
Theorem 2.2 A simply connected static spacetime is standard if and only
if at least one of its static vector fields K is complete.
Note. No analogous result holds in the stationary case. In fact, there ex-
ist simply connected compact stationary manifolds of any dimension n ≥ 5
and n = 3 (the exceptions n = 2, 4 appear only by topological reasons: no
Lorentzian manifolds of such dimensions can be compact and simply con-
nected).
Then, as a consequence of Theorems 2.1, 2.2 we have (for further study in
the non-simply connected case, see [10]):
Corollary 2.3 The universal covering of any geodesically complete static
spacetime is a standard static spacetime.
3 Causality
Causality of static spacetimes is simplified by considering the conformal met-
ric g∗ = g/β. In the standard case, t is a time function (which implies causal
stability) and g∗ is globally a product metric. Moreover:
Theorem 3.1 Any standard static spacetime (M, g) as in (1) is causally
continuous, and they are equivalent:
(A) (M, g) is globally hyperbolic.
(B) The conformal metric g∗S = gS/β is complete.
(C) Each slice t =constant is a Cauchy hypersurface.
In particular, this holds if gS is complete and β at most quadratic.
Sketch of proof. For the first assertion, by [4, Th. 3.25, Prop. 3.21], it is
enough to prove past and future reflectivity. Let us show past reflectivity
I+(p) ⊇ I+(q) ⇒ I−(p) ⊆ I−(q) (future is analogous). Put p = (tp, xp), q =
(tq, xq). Assuming the first inclusion, it is enough to prove p−ǫ := (tp−ǫ, xp) ∈
I−(q), for all ǫ > 0. As qǫ := (tq+ǫ, xq) ∈ I+(p), there exists a future-directed
timelike curve γ(s) = (s, x(s)), s ∈ [tp, tq + ǫ] joining p and qǫ. Then, the
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future-directed timelike curve γ−ǫ(s) = (s − ǫ, x(s)) connects p−ǫ and q, as
required.
For the remainder, use [4, Theorems 3.67, 3.69]. △
Remarks 3.2 (1) When g∗S is not complete, the spacetime may be non-
causally simple. In fact, Take (S, g∗S) = R
2\{(1, y) : y ≤ 1}, and choose
p = (0, 0, 0), q = (
√
8, 2, 2) ∈ R× S. Clearly q ∈ J+(p)\J+(p), that is, J+(p)
is not closed as required.
(2) The required behaviour at infinity for β is different in Theorems 3.1
and 2.1, which shows the independence between completeness and global
hyperbolicity. More striking, even if gS is incomplete (and, thus, so is g for
any β) a conformal factor Ω exists such that g∗S = ΩgS is complete [13].
Thus, the corresponding g = −βdt2+ gS will be globally hyperbolic choosing
β = 1/Ω.
For further results on causality in the standard case, see [23].
In the non-standard one, recall first that a stationary spacetime is called
standard when its metric can be written as in (1) plus, eventually, cross terms
between R and S independent of t.
Proposition 3.3 A globally hyperbolic spacetime (M, g) which admits a com-
plete stationary vector field K is standard stationary.
Proof. By using [6], a smooth spacelike Cauchy hypersurface S can be found.
Then, recall that R× S → M, (t, x) → Φt(x) is an isometry, where Φ is the
flow of K.
Remarks 3.4 (1) In the proof each hypersurface t = constant is Cauchy
and, again, the completeness of K is essential (consider an open diamond
I+(p) ∩ I−(q) in Lorentz-Minkowski space).
(2) Proposition 3.3 holds in particular in the static case, but: in general,
a complete static globally hyperbolic spacetime (M, g) is not a standard static
one. To construct an explicit counterexample, take the cylinder R × S1,
g = −E(θ)dt2+2F (θ)dtdθ+G(θ)dθ2, E,G > 0, which is complete and admits
the Cauchy hypersurface t = 0. Clearly, K = ∂t is a static vector field (the
distribution K⊥ is one-dimensional), and it is unique (up to a constant) for
choices of E, F,G with non-constant curvature (no two independent Killing
vector fields can exist on a neighborhood with non-constant curvature, see
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the proof of [21, Theorem 4.2(1)]). But, for most choices of E, F,G, the
integral curves of K⊥ are not circles and, thus, neither Cauchy hypersurfaces
(see [17, Example 2.4] for related computations).
4 Compact static spacetimes
In the bidimensional case, compact static spacetimes are essentially globally
conformally flat Lorentzian tori, exhaustively studied in [21]. For the higher
dimensional case, causality plays an important role.
Theorem 4.1 Let (M, g) be a compact static spacetime. Then:
(1) Its universal Lorentzian covering (M¯, g¯) is standard static and admits
a (possibly non-compact) Cauchy hypersurface.
(2) (M, g) is totally vicious, i.e., I+(p) = I−(p) = M, ∀p ∈M .
Sketch of proof. (1) Straightforward from Theorem 2.1(2), Corollary 2.3,
Theorem 3.1 and the example in Remark 3.4(2). (2) The following general
result (which includes the stationary case) holds [17, Theorem 1.1]: any
compact Lorentzian manifold (M, g) which admits a timelike conformal vector
field is totally vicious.
Even more, deck transformations of (M¯, g¯) satisfy:
Proposition 4.2 Let (M, g) be a compact static manifold, and (M¯, g¯) its
universal Lorentzian covering. Then any deck transformation φ : M¯ → M¯
can be written as
φ(t, x) = (t+ Tφ, φ
S(x)),
for some diffeomorphism φS of S and Tφ ∈ R.
The striking difference between the causality of M and its universal cov-
ering M¯ , yields interesting consequences for geodesic connectedness and ex-
istence of closed geodesics. Concretely, for the first question, one can ensure
not only geodesic connectedness but also the existence of timelike connecting
geodesics:
Theorem 4.3 Any pair of points p, q in a compact static spacetime (M, g)
can be joined by means of a timelike geodesic.
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Sketch of proof. Join p, q by means of a timelike curve γ (Theorem 4.1(2)),
and lift this curve to γ¯ in the universal covering. Because of global hyperbol-
icity (Theorem 4.1(1)), its extremes p¯, q¯ can be joined by a timelike geodesic
(Avez-Seifert theorem), which projects onto the required one.
For the second question, it is known (Tipler [24], see also [4, Theorem 4.15]):
any compact spacetime regularly covered by a spacetime which admits a com-
pact Cauchy hypersurface, contains a closed timelike geodesic. An extension
of Tipler’s technique yields:
Proposition 4.4 Let (M, g) be a compact Lorentzian manifold which admits
a regular Lorentzian covering Π : M¯ →M such that M¯ is globally hyperbolic.
Assume that a conjugacy class C of the group of deck transformations of M¯
is finite and contains a closed timelike curve α. Then there exists at least
one closed timelike geodesic in C.
A particular case of this result is [8, Corollary 4.7]. Even more, Proposi-
tion 4.4 admits further extensions, which are applicable whenever the deck
transformations satisfy the conclusion of Proposition 4.2. Then [17]:
Theorem 4.5 For a compact static spacetime (M, g), any conjugacy class
C of the group of deck transformations, containing a closed timelike curve,
admits a closed timelike geodesic. In particular, there exists at least one
closed timelike geodesic in M .
5 Geodesic equations
For simplicity we will consider in this section the standard case R × S, but
extensions to the non-standard one are obvious. From a straightforward
computation, γ(s) = (t(s), x(s)) is a geodesic if and only if:
Dsx˙ = −1
2
t˙2∇β(x) , β(x)t˙ = λ , (3)
for some λ ∈ R. When λ = 0 then γ(s) = (t0, x(s)), for some t0 ∈ R, is
essentially a geodesic on S. Otherwise, we can normalize the value of λ, and
the following result holds (see [19] for details):
Proposition 5.1 Let γ(s) = (t(s), x(s)) be a geodesic of S satisfying (3)
with λ =
√
2 and E = g(γ˙, γ˙)/2. Let V = −1/β, then:
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(1) x(s) is a solution of classical equation Dsx˙ = −∇V (x), with “total
energy” E = gS(x˙, x˙)/2 + V (x).
(2) x(s) is a pregeodesic (i.e., geodesic up to a reparameterization) for
the Jacobi metric gE = (E − V )gS, whenever E > V .
Conversely, from any curve satisfying (1) or (2), a solution to (3) with λ =
√
2
(i.e., a normalized geodesic) can be constructed. This yields an equivalence
between the set of geodesics (non-orthogonal to K) in the static spacetime
and the trajectories for the potential V , which can be applied to some prob-
lems [19]. In particular, to look for geodesics γ(s) = (t(s), x(s)) with “en-
ergy” (rest mass, if non-spacelike) −2E = −g(γ˙, γ˙), which are “spacelike
closed” in the following sense: for some b > 0 (proper period) and T > 0
(universal period), x(b) = x(0), x˙(b) = x˙(0), t(b) = t(0) + T . Proposition 5.1
applies directly to find such geodesics with fixed value of E or b; for fixed T
(“T-periodic trajectories”), see [20] and references therein.
Finally, we point out that, starting with Proposition 5.1, the equivalence
between two notions of convexity for incomplete gS can be proven [3]. When
(S, gS) can be regarded as an open subset with smooth boundary ∂S of a
bigger complete Riemannian manifold, there are some natural Riemannian
notions of convexity, essentially equivalent. Nevertheless, their equivalence
for a Lorentzian manifold, as a static spacetime (R× S, g), has to be proven
(see [18] for a review). Even more, convexity for each causal character (time-
like, lightlike, spacelike) must be taken into account. In the static case, the
problem is solved in [3], proving in particular the equivalence between the
geometrical and variational notions of convexity, which are useful for the
problem of geodesic connectedness (see also [2] for non-smooth boundaries).
6 Variational approach. Geodesic connected-
ness
A different approach is required for geodesic connectedness (see [18] for a
survey on this problem). This will be discussed only in the standard case
M = R × S because, essentially, the natural hypotheses for connectedness
are applicable to the universal covering, and Theorem 2.2 would be also
applicable. A fruitful idea is the variational characterization of connecting
geodesics by Benci, Fortunato and Giannoni [5] (see also [11]): given two
points p0 = (t0, x0), p1 = (t1, x1) ∈ R × S, a (absolutely continuous) curve
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γ : [0, 1]→ R× S, γ(s) = (t(s), x(s)) with p0 = γ(0), p1 = γ(1) is a geodesic
if and only if the x(s) component is a critical point of the functional:
J(x) =
1
2
∫
1
0
gS(x˙(s), x˙(s))ds − ∆
2
t
2
(∫
1
0
1
β(x(s))
ds
)−1
, (4)
where ∆2t = (t1−t0)2. Thus, the problem is reduced to consider the functional
J on curves x : [0, 1] → S connecting x0, x1. Even more, these authors
studied directly the functional J , ensuring the existence of critical points if:
(i) gS is complete, and (ii) β is (upper) bounded. Recently, Caponio, Masiello
and Piccione [8] showed that assumption (ii) can be weakened in: (ii’) β is
subquadratic (i.e., inequality (2) holds replacing d2 by d2−ǫ, for some ǫ > 0).
On the other hand, Allison and Unal [1] showed that, when (i) and (ii) holds,
if S is pseudoconvex and non-returning, then so is M ; in this particular case,
an alternative non-variational proof of geodesic connectedness is obtained.
Recently, we [2] have obtained a fully satisfactory approach to this prob-
lem, which can be summarized in the following points:
1. By using Cauchy-Schwarz inequality, J is lower bounded by
J(x) ≥ 1
2
∫
1
0
gS(x˙(s), x˙(s)) ds − ∆
2
t
2
∫
1
0
β(x) ds, (5)
which can be seen as the action A =
∫
L associated to a typical La-
grangian type L = T − V , with T = gS(x˙, x˙)/2 (kinetic energy) and
V = ∆2tβ/2 (potential energy). General properties which imply the
existence of critical points for a functional (coercitivity, boundedness
from below), if are fulfilled by A, then are also fulfilled by J .
2. These general properties for action A were known to hold when gS is
complete and V subquadratic (this re-proves Caponio et al. result).
Even more, an optimal result for V at most quadratic was obtained in
[7]. Nevertheless, this result does not guarantees the existence of critical
points for V quadratic (in fact, there are simple counterexamples) and,
thus, neither the geodesic connectedness of M .
3. Studying directly the functional J for β quadratic (without the loss
of information in Cauchy-Schwarz inequality), by using the accurate
technique in [7], both coercitivity and lower boundedness for J , are
ensured, i.e.:
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Theorem 6.1 A standard static spacetime with gS complete and β at most
quadratic is geodesically connected.
Remarks 6.2 (1) The assumption on completeness for gS is unavoidable (a
strip of the universal covering of two–dimensional anti–de Sitter spacetime
such as M = R × (−π/4, π/4), g = (dx2 − dt2)/ cos2 x is not geodesically
connected). Nevertheless, completeness can be weakened by the existence of
a convex boundary. The “at most quadratic” behaviour for β is optimal, as
shown by a family of explicit counterexamples [2, Section 7] (inspired by [9,
Section 6.1]).
(2) Causally related points will be connectable by (maximizing) causal
geodesics because the assumptions imply global hyperbolicity (Theorem 3.1).
But causal connectability will also hold if the completeness of gS is weakened
by the time and lightlike convexities of the boundary.
(3) A related variational problem is the connectability by means of tra-
jectories under a potential vector (as charged particles), see for example, [12].
In particular, when applied to static spacetimes, this also yields implications
on connectability for stationary ones.
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